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Implicit appproximate-factorization (AF) algorithms are developed for the solutien of steady-state transonic
flow problems. The performance of the AF solution method is evaluated relative to that of the standard solution
method for transonic flew problems, successive line over-relaxation (SLOR). Both methods are applied to the
solution of the nonlinear, two-dimensional transonic small-disturbance equation for flows about representative
transonic airfoils. Results indicate that the AF method requires substantiaily less computer time than SLOR to
solve the nonlinear finite-difference matrix equation for the flowfield. This increase in computational efficiency
is achieved with virtually no increase in computer storage or coding complexity.

Introduction

HE objective is to determine the feasibility of using

implicit approximate-factorization (AF) algorithms to
solve steady-state transonic flow problems. In this in-
vestigation, the AF procedure is compared in terms of ef-
ficiency, reliability, and flexibility with successive line over-
relaxation (SLOR), the standard steady-state transonic flow
solution method.

Murman and Cole' developed the first computer-
programmable SLOR algorithm for the solution of transonic
flow problems. That solution procedure proved to be about
an order-of-magnitude more efficient computationally than
the first computer-programmed transonic flow algorithm
—the explicit, time-accurate procedure of Magnus and
Yoshihara.? Since that time, the Murman-Cole procedure has
been improved, extended, and applied to a variety of
aerodynamic problems (reviews are given in Refs. 3 and 4).
SLOR algorithms have generally proved to give reliable, but

" slow, convergence and to be readily adaptable to a wide range
of applications.

The main limitation on the class of problems that can be
treated by SLOR is the computer time required to obtain a
converged solution. Hence, a number of potentially more
efficient iterative solution procedures have been proposed as
alternatives to SLOR. These methods, which have been used
successfully to accelerate convergence for purely elliptic
problems, are: 1) semidirect methods using fast Poisson
solvers; 2) extrapolation, and 3) the multigrid approach.
However, they all seem to have some adverse features
restricting their use as general solution procedures for
practical transonic (mixed elliptic-hyperbolic) problems.

In recent years, fast direct methods have been developed for
solving matrix equations for the discrete Laplacian.>’ For the
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transonic, small-disturbarnce potential equation

(k—¢.v)¢x.v+d)yy=0 (1)
this suggests an iteration procedure of the form
e rolt = U+ ol —k) ol @

such that a discrete Poisson equation is solved for each
iteration n. Such a scheme has been proposed by Martin and
Lomax® and Martin.® Schemes of this type produce sub-
stantial increases in computational efficiency, especially for
cases with embedded supersonic regions that are small. -
However, their application has been limited, because the most
efficient Poisson solver algorithms require uniform grid
spacing in all but one coordinate direction, and they require
special, complex treatment of internal boundaries. A hybrid
Poisson solver/SLOR scheme, proposed by Jameson,!?
avoids these difficulties for some special cases of two-
dimensional flows by introducing a coordinate mapping in a
simple domain.

Extrapolation has proved useful for the acceleration of
SLOR convergence in those special cases in which dominant
eigenvalue exists and can be identified. "2 It has also been
used, in a somewhat different form, to accelerate convergence
in the fast Poisson solver approach. %°

The multigrid method was first proposed by Federenko, !?
developed by Brandt, '* and recently applied to the solution of
transonic flowfields by South and Brandt.! Preliminary
results indicate a substantial increase in efficiency over SLOR
for computations on uniform meshes. However, the method
in its present form is sensitive to the aspect ratio of the mesh
cells, leading to complications in the treatment of nonuniform
grids. Moreover, difficulties have been encountered in the
treatment of transonic flows with the appearance of limit-
cycle oscillations which may prevent the calculation from
returning to the finest grid, and which are sometimes ac-
companied by fluctuations in the size of the supersonic zone
(unpublished work by South and also by Jameson). .

An alternative procedure that has also been used suc-
cessfully to .accelerate convergence for purely elliptic
problems is the approximate-factorization approach. Here,
we construct AF schemes for the solution of transonic flows.
We then test them to determine if they are capable of
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providing accelerated convergence and whether there are any
restrictions limiting their use for practical transonic flowfield
computations. :

Approximate Factorizations

General Requirements
We seek the solution to the model linear difference equation

L= (Ab,, +5,)6=0 3)

where 8,, and 8,, are second central difference operators, ¢ is
the solution vector, and A is a constant. The analysis that
follows is applicable only to the linear model equation.
However, it provides some insight into the development of
efficient AF solution procedures for nonlinear transonic
flows. An iterative solution procedure to solve Eq. (3) can be
written

NC" +0L¢" =0 @

where C7 is the correction vector ¢"+! —¢” computed for
cycle n+1. We will call R=L¢" the residual at the nth
iteration and ¢ is a parameter to be determined. N remains to
be defined.

Let e”=¢"” —¢ be the error after the nth cycle. Then
C"=e"*! —¢" and Egs. (3) and (4) can be combined to give

e"+tl=Me" =M?e"1=. . M"*1ed M=I-oN~'L (5)

where e? is the error in the initial guess of the solution. For
the iteration procedure to converge, the modulus of every
_eigenvalue of M must be less than unity. The degree to which
the modulus of every eigenvalue of M can be reduced below
unity determines the rate at which an iterative solution
procedure converges. )

The type of an iterative solution procedure is determined by
the choice of the operator N. For rapid convergence, /N should
be chosen to resemble the operator L as closely as possible
and, furthermore, N ~! Lé" must be easily computable. If Nis
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Fig. 1 Optimum convergence histories for a computation on a single
fine grid.
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identical to L, for example, then M=TI—gN ~! L vanishes (for
o=1) and an exact solution to L¢$ =0 is obtained in a single
iteration. In the special case of the discrete Laplacian in a
rectangular, uniform Cartesian grid, this can be accomplished
by the use of one of the fast Poisson algorithms. It is usually
impractical to invert L, however, and one must use an
iteration scheme in which N is an approximation to L. For
example, for SLOR ‘

24 oA

Ney= o= o+ i

E;I]C;;: —oLol; 6

where i,j are grid point indices in the x,y directions, E;’
C;;=C;_;;, and o is the relaxation parameter. Note that N
contains the §,, operator in L but contains only the lower
diagonal part of the §,, operator. Hence, SLOR will require
more than one cycle to converge. Actually, the required
number of cycles will increase as the number of x grid points
increases, because a grid point (i,j) is only influenced by a
single grid point to the right of it (i +1,/) in the x direction
during one cycle.

The underlying idea of the approximate factorization
methods is to construct N as a product of two or more factors

N=N1N2...Nk

each of which is restricted to a form leading to equations that
can be easily solved. For example, each factor may have a
block tridiagonal structure. On the other hand, the added
flexibility resulting from the use of several factors allows L to
be more closely approximated by N. Moreover, algorithms
can be constructed along these lines in such a way that the
final N operator is fully implicit, so that every grid point is
influenced by every other grid point during each cycle.

AF Scheme 1

Considering Eq. (3) for A4 >0 so that the equation is elliptic,
an approximate factorization can be realized as

(a—Abdy ) (@—38,,)C" =oaLld” 0

where « is a parameter to be chosen and ¢ is an over-
relaxation factor. Multiplying the two factors on the left, the
operator N, which should now be an approximation to «al,
has the form

N=aL-a’[-A8,s5,,
The required equations can easily be solved by letting

J"=(a—8,,)C" and solving directly for f the tridiagonal
matrix equation

(x—Ab )M =oald” - (8)

followed by a direct solution for C” of the tridiagonal matrix
equation

{a—5,,)C"=f" )

To estimate the rate of convergence for this scheme (which

is a reformulation of the Peaceman-Rachford scheme), note
that Eq. (7) can be written in the form

(@—Aby) (a=8y,) (e"t —e") =oaLe (10)

Now, assuming periodic boundary conditions and a uniform
Cartesian grid, let

en(xy)= Y, G"(p.q)ePre® (1
pg=1 -

Because Eq. (10) is linear, we need consider only a single
arbitrary Fourier component. Substituting in Eq. (10) and
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rearranging gives

24
Gn+l o — 55 (I—COST]) o — Z)?j (I—COSS)
B= = . {12)

G" 2A
o+ A ({—cost)

2
o+ F (I —cosy)

where n=¢Ay, £ =pAx, and o=2. Note that, in the special
case =2, the £ and n dependence in § is separable. This has
an interesting consequence that is discussed subsequently. For
stability, that is, for the error to approach zero in the iteration
procedure,

Bl<1 | (13)

and this condition is satisfied for all £ and » exgenvalues in Eq.
(12).

Now e” ~ 11 7e°, so that the number of iterations required
to reduce the error to a predetermined amount depends on
iB1; that is, fewer iterations are required to achieve a
specified degree of convergence as |31 decreases. The con-
vergence rate, therefore, depends strongly on the choice of «.
The choice

a=(2/Ay%) (I —cosy) (14)

gives =0 for the particular eigenvalue 5. Hence, for a
problem with k grid points in the y direction, corresponding
to k eigenvalues, the solution process will converge to zero
error after k cycles (for the o =2 case only).

Precise estimation of the eigenvalues is generally not
practical. Instead, a repeating sequence of o’s can be used
with each element of the sequence chosen to maintain small
values of I8! in a given range of eigenvalues.'® Maximum
and minimum values of « are estimated and then used to form
a geometric sequence to cover the entire eigenvalue spectrum.
The lowest eigenvalue is given approximately by n~Ay,
which, from Eq. (14), gives a;~ 1. For the high- frequency
Crror components, p~w correspondmg to «, ~4/Ay?. The
geometric sequence

oy =ay (ap/a,) K~ M-T fe=123..M (15)

is then used repetitively during the course of the computation.
Recall that the analysis here applies only to the model linear
problem. There is no guarantee that either the estimates of «,
and «, or the form of the sequence, Eq. (15), are optimum in
the general nonlinear case.

B 1 i 1 1
4] 2 4 6 .8 1.0

x/c
Fig. 2 Surface pressure coefficients on a 10% thick parabolic-arc
airfoil for the two test case Mach numbers,
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Fig. 3 Optimum fine grid convergence histories for a computation
with initial conditions given by a medium grid solution.

In solving Eq. (1) for transonic flow computations, scheme
(7) is suitable for the treatment of the subsonic part of the
flow, where A= (k—¢,) >0. To extend the scheme to treat
flows with embedded supersonic zones, the factorization is
modified at supersonic points, where A= (k—¢,) <0, by
upwind differencing A46,, and letting o= —A48§,, in Eq. (7).
On cancelling out a common factor 44,, from both sides, the
equation becomes

(- A8, —6,,)C"=Lo" (16)

where B—X_x is the upwind second difference operator. Here,
because of the use of upwind differencing, it is feasible to
shift the term A435,, to the second factor while retaining an
easily invertible form, and the first factor is essentially
eliminated. The result is a transition to the fully implicit
marching scheme of Murman and Cole! in the supersonic
zone. Transition operators are uscd at the sonic_and shock
points to maintain conservation form.!” A term 66 {where 6
is a first-order, first upwind difference operator)-is added to

_ the first factor as a stabilizer with §~ Ax. At the shock point,

D&, is added to the second factor for the first few cycles to
attempt to control instabilities associated with shock motion.

in the nonlinear case, the two factors in Eq. (7) do not
commute. Consequently, the ordering of the factors can be
expected to have some effect on the convergence rate of the
method. Taking the factor with §,, first was found to work
best in the cases tested.

Some difficulty was encountered in the applxcatxon of AF
scheme 1 to flowfields with iarge regions of supersonic flow.
in these cases, the initial rapid motion of the shock wave in
seeking its final steady-state location frequently rendered the
convergence procedure unstable. It was found that the
procedure could be stabilized by the addition of D§,, as
previously mentioned, to retard the shock motion. However,
this remedy has two disadvantages: 1) ‘it reduces the con-.
vergence speed, and 2) it introduces an uncertainty in the
choice of the constant D. Consequently, a more attractive
scheme, AF scheme 2, was developed—it maintains stability
without explicitly retarding the shock motion.

AF Scheme 2

The type of ““moving-shock’’ instability resulting from the
use of AF scheme 1 has been encountered before and it is
associated with certain types of implicit schemes. It was
studied in some detail by Ballhaus and Steger !® in the course
of their investigation of implicit AF schemes for the low-
frequency transonic equation

by =(k—0 ). + ¢yy (17)
For the conservative schemes tested in Ref. 18, an instability

appeared whenever the following two conditions were

.
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satisfied: 1} the differencing was shifted from upwind to
central across a shock, and 2} the shock propagated at a rate
greater than one spatial grid point per time step. However, a
nonconservative-in-time (but conservative in the steady state)
scheme, described below, was found to be virtually inscnsitive
to this instability. Because the scheme is nonconservative in
time, the shock-wave motion depends on the time step and
spatia} grid spacing, which are nonphysical quantities. Hence,
the scheme was reiected as a method for solving unsteady
transonic flows. However, it was mentioned as an attractive
candidate for a steady-flow solution method because of its
insensitivity to the moving shock instability., Note, in-
cidentally, that this instability does not occur with SLOR, a
“semi-implicit’’ scheme, because the flowfield cannot adjust
fast enough to violate the second condition previously listed
(for relaxation parameters within the linear stability bounds).

AF scheme 2, which is a factorization of Eq. (17), can be
written .

la—(I—€) A8, —¢, 1A, 8 Jiad, —5,,1C"

,-1
=a{{(1—e,)A,axﬂj_,A,,,éx]Ex+5),y & (18)
where
0 >
E":[I] for Aj[ < ]0
A;j=k—($7,,— 7 )/2Ax, a= (Ar) !, and &, §, are first-

order, first forward, and backward difference operators.
Note that the algorithm can be coded so that the ¢ array need
be stored for only a single time level.’® [For subsonic flow
{A;>0), AF scheme 2 can be derived from AF scheme 1, Eq.
(7) by replacing « by ao and them removing 5 from the first
factor and the right- hand side. This was noted by the second
author, who, working independently, also discovered the
subsonic factorization in Eq. (18}, originally reported in Ref.
18.]

Substitution of Eq. (11} into Eq. (18) leads to an error
growth factor 8 that is not real. Choosing « to minimize 3 is
therefore more difficult, and, in fact, there is no choice of «
that can cause 3 to be zere for a given eigenvalue. Values of o,
and «, for Eq. (15) that approximately minimize I8! are |
and {(Ay) ~!. Of course, there is no guarantee that Eq. {15} is
the optimal functional form for the acceleration parameter
sequence. '

From the preceding discussion it would appear at first
glance that AF scheme 2 cannot be so highly tuned for rapid
convergence as AF scheme 1, but it shows potential for
greater convergence reliability because of its treatment of
shock waves.

Optimized Acceleration Parameters

Determination of the optimum relaxation parameter for
SLOR, or the optimum acceleration parameter sequence for
approximate factorizations, for a practical computation is a
formidable task to achieve analytically. However, com-
parisons of both optimum and nonoptimum SLOR and
approximate factorizations would be useful in assessing the
relative merits of these solution procedures. Therefore, we
have selected particular representative transonic flow
problems for which ““optimum’” acceleration parameters can
be determined by numerical optimization.

The numerical optimization problem is formulated in the
following way. First, we select as the objective, that is, the
guantity to be minimized, a combination of parameters that
represents the computational efficiency associated with a
given set of decision variables: '

OBI=(R\/R,)!N (19)

OBJ is related to the average decrease in the residual per
iteration, R, is the maximum residual at the nth iteration, and
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N is the number of iterations required to reduce the maximum
residual below some specified value.

Next, we define the decision variables, which are
parameters that affect the convergence rate. For SLOR, the
decision variable is the subsonic relaxation parameter. The
supersonic refaxation parameier is always unity. For both AF
schemes, the acceleration parameter sequence is

ap =o,v<T k=123,..M 20
and the decision variable used in the optimization.is . The
initial guess is y= (o, /e, ) /M= | where «, and «, are given
in the previous section.

The finite difference AF and SLOR codes were coupled
with an executive optimization code, CONMIN. ! CONMIN
is designed to minimize an objective for a set of decision
variables, subject to specified constraints. Here, the only
constraint imposed was a limit of 2 on the relaxation
parameter for SLOR.

The present optimization formulation was designed to be as
simple and cconomical as possible. Only single-parameter
optimizations were performed for both the AF and SLOR
schemes. There is certainly no guarantee that either the
functional form, Eq. (20}, or the arbitrarily chosen value of M
used are optimum. For the computed solutions presented in
the next section, M =8.

Computed Resuits

The convergence characteristics of the SLOR and AF
schemes are compared here for two different airfoils.

16% Thick Parabolic-Arc Airfeil

Convergence histories of the flowfield about a nonlifting
10% thick parabolic-arc airfoil are shown in Fig. 1. For the
two cases considered, the freestreamn Mach numbers were 0.84
and 0.90. The converged solutions, in terms of surface
pressure coefficients, are shown in Fig. 2. The solutions were
computed on a nonuniformly spaced grid with 128 x32 x,y
points. This grid was obtained by a mapping from a
uniformly spaced £,y grid. The computations were slar[ed
from uniform flow (¢ =0).

The convergence histories for these cases are given in terms
of the maximum value of the residual, multiplied by (A£)? as
a function of iteration. This form of the residual was used for
this case to be consistent with the code used 1o compute the
SLOR convergence histories. The convergence histories in
Fig. 1 were generated by using optimized acceleration and
relaxation parameters determined from the simple numerical
optimization procedure outlined in the previous section. Note
that AF-2 is about ten times faster than SLOR for M, =0.9in
terms of the number of iterations required to reduce the
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Fig. 4 Nonoptimum convergence histories for a computation on a
single fine grid.
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maximum residual by about six orders of magnitude. For
M, =0.84, AF-2is only about four times faster.

SLOR convergence can usually be accelerated by the use of
coarse-to-fine mesh interpolations. For example, converged
solutions on a 64x 16 grid were interpolated onto the fine
128 X 32 grid to provide a good starting solution, and the
resulting finé grid convergence history for M., =0.90 is shown
in Fig. 3. There is a factor of 2 improvement in SLOR con-
vergence, while the AF-2 scheme shows very little im-
provement. -

The peaks in the AF-2 convergence history correspond to
the smaller values of « (i.e., larger values of Af) in the eight-
element sequence. The peaks in the SLOR convergence history
correspond - to changes in the location of the maximum
residual.

Difficulties with the moving shock instability were obtained
with the AF-1 scheme in the cases shown in Figs. 1 and 3.
Convergence histories for a lower value of M, for AF-1, AF-
2, and SLOR are reported in Ref. 20.

Korn Airfoil

Here, we investigate, in some detail, the convergence
performance of AF-2 and SLOR for the solution of the
flowfield about a lifting transonic airfoil designed by Korn.?!
The SLOR computations were obtained by using TSFOIL, a
transonic airfoil analysis code written by Murman and
Bailey. %

First, we consider the case M, =0.75, a=1 deg where o is
the airfoil angle of attack. The far-field boundary condition
corresponds to a free-jet wind-tunnel wall condition with a
tunnel half-height-to-chord ratio of 8.4. The tunnel wall
pressure is uniform and equal to the freestream pressure,
implying ¢ =0. At the upstream boundary, ¢ =0, implying
paraliel flow (é,=0). At the downsiream boundary,
freestream pressure is enforced (¢,=0). This simplified
boundary condition does not depend explicitly on the cir-
culation. It, therefore, allows us to compare AF and SLOR
convergence performance for a lifting case without having to
consider how that performance is affected by the particular
method used to account for changing circulation in the far-
field boundary condition. Results are shown for a free-air
case, a case in which the circulation does affect the far-field
boundary condition, at the end of this section.

The AF and SLOR convergence histories are shown in Fig,
4. The solution was obtained on a variably spaced 85 x 64
{x,y) grid with uniform flow (¢ =0) as the initial condition.
Results are reported in terms of R=L¢ " to be consistent with
the output of TSFOIL. The acceleration and relaxation
parameters were not optimized. For AF-2, values of o, and o
from the simple growth factor analysis discussed previously
were used. In TSFOIL, a fine grid relaxation parameter of
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Fig.5 Nonoptimum convergence histories.
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1.95, the default value in the program, was used. Only every
eighth iteration was plotted for AF-2 and every tenth for
SLOR.

Figure 5 illustrates the improvement in SLOR convergence
obtained with the use of mesh interpolation. In this com-
putation, a solution was first obtained in 240 iterations on a
coarse 22x 16 grid. That solution was interpolated to a
medium 43 x 32 grid, on which a solution was obtained in 200
iterations. The computations on the coarse and medium grids,
which represent 65 equivalent fine grid iterations, provided a
good initial guess for the fine grid SLOR computation.
Multiple grid computations were not carried out in this case
for AF-2.

Figure 6 shows the lift coefficient (C,) convergence histories
that correspond to the residual histories shown in Fig. 4. Note
that the AF-2 steady C, is very closely approximated after
only 16 iterations, corresponding to two applications of the 8-
element acceleration parameter sequence. With SLOR, the
coarse- and medium-mesh computations produce a good
estimate of the fine grid steady-state lift. Note that without
this good initial guess, SLOR requires hundreds of iterations
to establish the correct lift.

An attempt was made to optimize the convergence of both
AF-2 and SLOR, and the results are shown in Fig. 7. Again,
coarse, medium, and fine grids were used with SLOR,
whereas only the fine grid was used with AF-2. For AF-2, only
every eighth iteration was plotted. This corresponds to the
residual after the last element in the sequence, the smallest .
The residual for this o is usually the largest one in the
sequence. The optimization procedure improved convergence
by increasing «, by about a factor of 3. This increased the rate
at which the residuals near the leading edge were reduced. The
optimizer also lowered «, to maintain the rapid development
of the lift, which would have been retarded by merely in-
creasing «,.
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1t is interesting to compare the airfoil surface pressure after
16 iterations with the final converged values. The comparison
is shown in Fig. 8 and indicates that the shock-wave location
and the pressures over-much of the airfoil have come very
close to reaching their final values.

Convergence histories for a free-air computation are
shown in Fig. 9; the converged surface pressure coefficient
solution is shown in Fig, 10. The SLOR code, TSFOIL, uses
the far-field solution for a compressible vortex and doublet to
specify ¢ at the outer edge of the computational domain. The
AF-2 code uses only the vortex part, which dominates the far
field and which varies as the lift changes during the com-
putation. Presumably, convergence could be accelerated by
optimizing the manner in which the lift is updated in the far
field. However, no such attempt was made in this initial
investigation of transonic AF schemes.

" The acceleration parameter limits «, and «, for this case
were again determined from a simple (linear) growth factor
analysis similar to the one following Eq. (12) for AF-1. No
optimization was performed. However, the geometric
sequence was replaced by a sequence of the form

Oy =0y

Qp — 0y
28

=0y~ ( >(9—k) k=23,.8 @

This sequence tended to reduce the maximum residual faster
than the geometric sequence in this computation for the
following reason: Numerical experiments indicated that a
shift in the sequence toward o, tended to speed up the
development of lift but slow down the reduction of the
maximum residual. (The maximum residual in this case was
nearly always at the airfoil leading edge.) Similarly,
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Fig. 9 Nonoptimum convergence histories.
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prejudicing the sequence toward «, retarded the lift
development slightly but reduced the maximum residual at a
faster rate. Sequence (21) is biased toward the high-frequency
side and thus reduces the maximum residual at a faster rate
than the geometric sequence for the same values of «, and «,.
(The sequence should be adjusted to reduce errors in the flow
quantities of interest as rapidly as possible. Shifting the
sequence toward «, to maximize the residual reduction rate
can actually decrease the rate of overall error reduction. This
is because the residual is a summation of errors that heavily
weighits the high-frequency error components. *)

Our experience in computing solutions with both AF-2 and
SLOR indicates that they are comparable in convergence
reliability. We have not found a case in which SLOR con-
verged and AF-2 did not. Furthermore, we have found that,
with a little experience, choosing «, and «;, to get rapid
convergence with AF-2 is no more difficult than choosing
relaxation parameters for SLOR. However, it may well be
that the speed of the AF procedure could be increased sub-
stantially relative to the speed of the computations in this
report. This could perhaps be accomplished by the use of
acceleration parameter schedules other than the repeating
sequences used here. For example, one could develop a
strategy for dynamically selecting « at the end of each
iteration to effect the largest reduction in residual at the next
iteration. Such a strategy has been developed and applied
successfully to nonfluid-dynamic problems by Miller and
Doss at the University of California, Berkeley (unpublished
work).

Concluding Remarks

The present study indicates that implicit, approximate-
factorization schemes can provide rapid and reliable con-
vergence in finite-difference transonic flow computations.
These schemes can be easily coded, require about the same
storage as, and only about 50% more computational work per
iteration than, present successive line over-relaxation
algorithms. They can be used to obtain solutions on
nonuniformly spaced grids, a feature not presently available
in some of the other convergence acceleration schemes.

Of the two AF schemes investigated, AF-1 converged the
most rapidly. However, it was found to be very susceptible to
the “moving shock wave instability’” discussed in Ref. 18.
AF-2 was found to be virtually insensitive to this instability,
and its convergence was found to be at ieast as reliable as that
of SLOR and substantially faster.

In the present effort, the AF procedure was applied only to
two-dimensional lifting, small-disturbance cases. Its success
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in accelerating convergence in these applications is sufficient
motivation for the development of AF schemes for three-
dimensional problems and for flows governed by the full
potential equation. The problem is to devise stable, easily
solvable, implicit factorizations for the more complex forms
of governing equations involved. An AF solution procedure
for the full potential equation has just recently been
developed? for two-dimensional flows, and the method is
presently being tested in three dimensions.
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